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Abstract. In this paper we construct stable and unstable foliations for expansive 
flows operating on 3-manifolds. We also prove that the fundamental group of the 
manifold has exponential growth. 

I. In troduct ion  
In ([7]) Lewowicz proved (see also [3]) tha t  an expansive homeomor- 

phism of a surface is conjugate to an Anosov or Pseudo Anosov map. 

This result and the methods  used to prove it indicate that  several facts 

of hyperbolic dynamics hold in the expansive case. 

A flow Ct acting on a metric space K without  fixed points is said to be 

expansive if for every e > 0 there is 5 > 0 such that  if dist(r r162 

< 5 for every t E N, some x, y E K and some homeomorphism ~: R --+ R 

with or(0) = 0, then y = r where 17-1 < e. 

Anosov flows and suspensions of Pseudo Anosov maps are examples 

of expansive flows. 

Here we s tudy  expansive flows and we obtain some results not de- 

pending on the dimension of the manifold, namely, the existence of a 

Lyapunov function and the non-existence of stable points. However, we 

construct  stable and unstable  foliations only in the 3-dimensional case 

due to the nature of the techniques of Lewowicz. 

Let 7c I(M) be the fundamental group of M. We say that a finitely 

generated group has exponential growth if given a finite set of generators 

the function F(n) = (number of distinct group elements of word-length 

< n) dominates Aexp(an), for some A > 0, a > 0. This definition is 
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180 MIGUEL PATERNAIN 

equivalent to the function P(r) = (number  of dist inct  free homotopy  

classes of loops in M of length < r) domina t ing  Bexp(br) ,  for some 

B > 0, b > 0, in the case the  group is the  fundamenta l  group of a 

manifold M (see [8]). 

We prove the  following 

T h e o r e m .  Let M be a compact connected 3-manifold and Ct: M --~ M 

an expansive flow, then 7rl(M) has exponential growth. 

A similar result was proved by Plante  and Thurs ton  ([8]) for codi- 

mension one Anosov flows and by Margulis ([1]) for Anosov flows on 

3-manifolds. 

We show here tha t  a proof  similar to tha t  of [8] also works. The  

exponential  growth is obta ined in the following way (see section VI of 

this paper):  A piece of unstable  manifold,  whose length is bounded  

from below, flows forward to give exponential ly many  such pieces of 

unstable  manifold connected by pieces of t ra jec tory  (in the  absence of 

hyperbolici ty this const ruct ion needs some care). The  result ing long 

pa th  gives rise to exponential ly many  loops based in a single stable disc, 

which are pairwise non-homotopic .  

This  paper  is par t  of my PhD Thesis at IMPA under  the guidance 

of R. Marl@. I am grateful to h im for proposing this problem, and to J. 

Lewowicz for having interested me in these topics. I am also in debt  to 

Carlos Guti@rrez for helpful conversations. 

II. Lyapunov functions 
Let M be a compact  connected 3-manifold endowed wi th  a Riemannian  

s t ructure  and qS: M x R --+ M be a flow wi thout  fixed points.  

In the following paragraph  we obtain a cont inuous family of local 

sections topologically transversal  to the flow; i.e. a cont inuous funct ion 

x ~ H(x), where H(x) is a local section th rough  x which is topologically 

transversal  to the flow (see [2], IV, 1.3 and the references therein).  If 

the flow is C 1 it is enough to define each section by 

H(x) = {expx v such that Iv I < e, (X(x),v) = 0} 

Bol. Soc. Bras. Mat., Vol. 24, N, 2, 1993 



EXPANSIVE FLOWS AND THE FUNDAMENTAL GROUP 18 ] 

where X(x)  = r 0) and e is a suitable fixed positive number .  

Assume tha t  our flow is only continuous.  Let Be(x) s tand  for the 

open ball of centre 0 and radius e. Define B(e) by 

B(c) = {(x, y) E M x M such tha t  dist(x, y) < 6} 

Take a finite open  covering of M by sets Gi defined as 

G i = { ( r  I x E D i ,  I t t < c  and Di i s a l o c a l s e c t i o n }  

Set D~(x) = Ct(Di)~ where t is the unique real number  such tha t  

r E Di and It] < 6. 

Let r be the Lebesgue number  of the covering {Gi}. Define contin- 

uous functions ~i: G~ x Gi --~ R by the condit ion 

Let {f~} be a par t i t ion of uni ty  subordinate  to the covering {G~ x Gi} 

(of the set B(r)). Next define a: B(r)  -+ ]~ by 

i 

Define a local section H(x) as 

H(x) - {r or(x, y)) t (x, y) E B(r)}  

Let He(x) be the connected componen t  of Be(x)AH(x) t ha t  contains 

x. Define N(E) by 

N ( c ) = { ( x , y )  ] y E H e ( x ) }  

Take/3  such tha t  dist(r x) < r/3 for Itl _< /3. If dist(x, y) < r/3 

and It] < /3 ,  t hen  ~ d ef a ( r  is the unique real number  close to 0 

for which 

r or) E H~(r 

Define a continuous function ~: B(r/3) x [-/3,/3] --+ R by 

s ( x ,  y, t) = y) 

Remark. It is easy to check that r is expansive if and only if there is a 

number 0 < c~ 0 < r/3, such that if for a pair of points z, y there exists a 
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182 MIGUEL PATERNAIN 

cont inuous,  surject ive,  increasing funct ion  ~-x,y: ]R --, IR, 7x,y(O) = 0, wi th  

the  p rope r ty  

r ~x,y(t)) c H~0(r 

Vt E IR, then  x : y. 

No te .  We use the  no t a t i on  rx,v(t) and "c(x,y,t)  in te rchangeab ly  and 

similarly wi th  Ct(x) and  r  In the  sequel  A and  closA will s t and  

for the  closure of A. 

R e m a r k .  Let  (5 be  a posi t ive  number ,  6 < ~o/3 .  

Suppose  t ha t  for fixed t > 0 there  exists  a cont inuous  increasing 

funct ion Tx,y: [0, t] --4 IR such t ha t  r  T(cc, y, x)) C H3~(r for s E 

[0, t]. 

Choose  0 = to < t l  < . . .  < tp = t so t ha t  ti+ 1 - ti < / 3 / 2 ,  t hen  we 

have: 

~(x, y, s) = ~(z, y, ti) + ~(r  t d ,  r  ~(x, ~, t d ) ,  s - t d  

for s E (ti, t i+l] .  

This  allows us to express  ~- in t e rms  of 7, which is con t inuous  in x, y. 

On account  of this, for (2, y) close to  (x, y), we can  find a cont inuous  

increasing funct ion  T~,9: [0, t I ~ R such t ha t  r 7~,9(s)) E H3e(r  

for s E [0, t]. 

Take 5, 0 < 5 < c~0/3 and  define C -  as x / 
C -  increasing, sur jec t ive  funct ion  Tx,y: R -  --+ R - ,  ~-x,y(0) = 0, 

wi th  the  p rope r ty  r  ~-x,v(t)) E clos H2~(r  E R -  

The  last r emark  easily implies t ha t  C -  is compac t .  

Several of the  following ideas are f rom [5]. 

On  account  of the  compac tness  of C -  there  exists  t* > 0 such t ha t  if 

(x, y) E C -  and  dist(x, y) = (~, then  there  is some cont inuous  increasing 

funct ion  ~-x,y: [O, t l (x ,y)]  ~ R such t ha t  d i s t ( r 1 6 2  > 

for some t wi th  0 < t < t l ( x , y )  <_ t*. 

Choose  p > 0 such t ha t  

min{d i s t ( r  I O < t < t l ( x , y ) }  > p. 
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EXPANSIVE FLOWS AND T H E  FUNDAMENTAL G R O U P  183  

We claim tha t  there  exist ~, 0 < ~ < p and  51 , 0 < ~5 / < 5 such t h a t  if 

(x, y) E N(6),  dist(x, y) _< (r and  the re  exists to so t h a t  

dist(r  tO), r  T(x, y~ tO))) > 5 

and  

for 0 < t < to, then 

dist(r  t), r  7-(x, y, t))) _< 

dist(r  t), r  T(X, y, t))) > 5 

for some t wi th  f0 < t _< t0 + t* and  also 

dist(O(x, t), r  ~-(x, y, t))) > 5 

for to < t < tO + t l ( x , y ) .  

If this were not  t rue,  there  would exist sequences,  (xn, y~) C N ( f ) ,  

dist(x~, y~) --+ 0, ~5~ --+ 5 and  t~ --* oc so t h a t  

dist(r t), r ~-(x~, Yn, t))) <_ 5 

f o r O < t < t n + F  and  

5~ _< dist(r tn), r ~-(Xn, Yn, tn) ) ) <_ 5. 

Set Zn = r  Wn = r  yn, t~) and  let x , y  be limit points  

of {zn} and  {Wn} respectively. For t _> 0, 

lim dist(r t), r  ~-(zn, wn, t) ) ) = 
n 

= dist(qS(x, t), r  7-(x, y, t))); 

t hen  (x, y) E C -  and  dist(x, y) = 5. 

For 0 < t < t*, we have 

dist(O(xn, t + tn), r T(xn, Yn, t + tn))) = 

= dist(r  t), r  t))) -< 6. 

This implies dist(r  t), r  T(x, y, t))) <_ 5, which cont radic ts  the  

choice of t*. 

An  analogous a rgumen t  allows us to choose cr and  5' so t ha t  the  

second claim holds. 
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184 MIGUEL PATERNAIN 

Set A def {(x, y) I (x, y) e clos N(25) and dist(x, y) > (5}. Let 

a: M • M --+ R be a smooth function 

a(x, y) = 1 if (x, y) C N(25), dist(x, y) < cr 

a ( x , y ) = O  if (x,y) c A  

a(x, y) > 0 elsewhere 

Suppose first tha t  our flow is C 1. Then we may assume that  ~(x, y, 0) 

is defined in M • M (extending it arbitrarily). 

Let Y be the following vector field on M x M 

Y(x ,  y) = a(x, y ) (X(x) ,  ~(x, y, O)X(y)). 

Let r  be the flow of Y and set d i s t r  = dist(z,w) for 

(z, w) = r  y), t). Observe that  for (x, y) E N(cr) and sma]l t we have 

r  y), = (r r y, t))). 
Let d: M • M --+ IE be a smooth non-negative function tha t  vanishes 

o n  

C -  0 { ( x ,  y) (x, y) C clos N(25) and gist(x, y) > p} 

and only there. 

Remark.  Note tha t  lira" d(r y), t)) = 0 if (x, y) E N(cr) because either 
t--+oo 

dis t r  > 5' for some T > 0 and therefore d(r  = 0 if 

> T or dist r  y), t) < 5' for t > 0 which implies 

dist(r ~), r T(x, y, t))) < 6' 

for t > 0 and consequently r  --+ C -  if t --~ oc. 

Assume now that  r is only continuous and set 

r  y), t) def (r t), r v(x, y, t)). 

As in [7] define f ( t )  = sup{a(r I ( x , y )  c A}.  Then f is 

continuous and lira f ( t )  = O. The same arguments  of lemma 1.1 of [7] 
t--*0 

give the existence of a continuous increasing function h: l~ -+ I~ such 

that for any A 

/o h - I [h(f(t)] dt = oc. 
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Moreover, such an h may be taken smooth,  h'(t) > 0 if t r 0, and 

h(1) = 1. Put  9 = h o a; then g vanishes on A, is positive on N(25) - A, 

9 = 1 if a = 1, and for any 

f0 [g(~5((x, Y), t))]-ldt = (2O 

i f ( x , y )  E A .  

Let us define ~p. For (x, y) E N(25) - A set 

~((z, y), t) = ~((z, y), ~(t)) 

where ~r(t) = crx,y(t) is the inverse function of 

t = [9((I)((X, y ) ,  t ) ) ] - l d s .  

Put  r  y), t) = (x, y) if (x, y) E A. 

The arguments of lemma 1.2 of [7] show that  our last remark holds 

for this new 4. 

Now we can prove as in [5]. 

Lemma  1. Given r > O, there exists T > 0 such that d(~p((x, y), t)) < e, 

for t >_ T and (x,y) E N@r). 

Proof .  Because of the way 5, 5 ~, p were chosen, if for some eo > 0 we had 

pairs (x, y) E N((r) so tha t  d(~b((x, y), t)) >_ eo for arbitrari ly large t, we 

would have pairs (xn, yn) E N(~r) and continuous increasing functions 

~-xn,v~: [0, t~] ~ R, with t~ ~ ec such that  

dist(r t), r ~-(Xn, Yn, t))) <_ 5 

f o r 0 < t < t n  and 

d(r t~), r ~(zn, y~, t~))) _> e0 

Then (x~,  y~) ,  a limit point of (r t~), r T(xn, Yn, t~), would be 

in C -  and d ( x ~ , y ~ )  >_ co, a contradiction. [] 

For U: N(cr) ~ R, define U-: N(~) ~ R (the derivative of U along r 

a s  

d t=0 ~2(x, y) = ~/ g( r  t), r ~(x, y, t))) 
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186 MIGUEL PATERNAIN 

Let U denote the derivative of U. A function U as above is said to be 

positive definite if U(x, y) >_ 0 and U(x, y) = 0 if and only if x = y. 

Lemma  2. There exists a smooth function e: 1R + --+ ]R +, e(0) = 0, e'(s) > 

0 if s ~ O, with the property that the function V: N(~) --+ ]R defined by 

/o V(x,y)  = e[d(~((x, y), t))]dt 

has derivative V given by 

?(z, y) = - e ( d ( x ,  y)) 

Proof.  There exists a function e, in the above conditions which makes 

the integral uniformly convergent (see [5]). For small u 

V(r u), r ~(x, y, u))) = V(~b((x, y), u)) 

=f0 
--ff 

e{d[~b((x, y), t + u)]}dt 

e{ d[~b( (x, y), t)] }dr, 

and then l?(x, y) = -e(d(x,  y)). [] 

Remark.  Define the function V: B(a)  -+ ]R by 

fl(x, y) = e{d[r Px(y)), t)]}dt 

where Px(y) = r ~(x, y, 0)). Then  f- is a continuous extension of V. 

On account of the previous remark the arguments  of [5] (p. 202) 

hold and consequently we obtain 

Lemma  3. There exist c, > 0 and a function U: N(~) --+ R, such that 

both U and (f are positive definite and admit continuous extensions to 

III. Stable points 
In this part  we follow the ideas of [6]. 

Definition. A point x of M is said to be a stable point of r if given e > 0 

there exists 5 > 0 so that  if y E H,(x), then there exists a continuous 
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function ~-x,y: R + ~ R +, Tx,y(0) = 0 such that  r T(X, y, t)) E H~(r 
for t > 0. 

Let us define Kk(x, t) as 

Kk(x, t)  : {y [ y E Ha(r and U(Ct(x),y) <_ k}, 

where c~ and U are as in lemma 3. 

L e m m a  4. An expansive flow has no stable points. 

Proof .  Let x be a stable point of r and let s and ~ be as in the definition 

of stable point, with ~ < s < c~. 

Choose k > 0 such that  i f y  E Kk(x, t) then dist(r y) < ~. There- 

fore if y E OKk(x, 0), then r ~-(x, y, t)) E H~(r for t _> 0. 

We shall see that  the expansivity of r implies that  there exists T < 0 

so that  U(r y) < 0 for y E OKk(x, t) and t _< T. 

If this were not true, for T < 0 arbitrarily large there would exist an 

arc a: [0, 1] --+ Kk(x, T) such that  a(0) = CT(x), ~?(r a(1)) _> 0 and 

a(1) E OK,(z, T). 
Let so be the supremum of those s E [0, 1] so that  

r  a(s), t)) Kk(z, t), 

for t E [0 , -T] .  Then, so < 1. Let 

Yr = r  a(so), -:c)), 

then YT E OKk(x, 0) and r T(x, YT, s)) E Kk(x, s) for s E [T, 0]. 

This implies that  the entire t ra jec tory  of a limit point of YT is s-close 

to the t ra jec tory  of x, which is absurd. 

Take z E c~(x) (the a-limit  set of x). Then we have U(r y) < 0, 

with y C OKk(z, t) and t E N. Therefore i fy  E Kk(z, C0), for some C0 E R, 

we have r ~-(z, y, t)) E Kk(z, t) for t > to and then Ct(z) E Kk(x, O) 
for arbitrarily large values of t. 

As k was chosen arbitrarily, x E aJ(z) (the aJ-limit set of z). This 

implies x E aJ(x), because the trajectories of x and z are asymptot ic  in 

the future. 

Using the same argument for y E Hr(x), with an appropriate  r > 0, 

we see that  y E w(y) = w(x). 
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As a consequence of this, there exists an open set B such that  

HF(X) C B C co(x). 

If y' E co(x), given k there exists t, so that  y' E Kk(r 0) and then 

r162 E Kk(r for u > 0. This means that  there 

exists T > 0 such that  CT(Y') E HT(x) and then y' E r C 

r C C0(X), i.e., Co(x) is open. 

As M is connected w(x) = M, which implies tha t  every point of M 

is stable and therefore co(y) = M,  Vy E M. 

Now choose positive numbers 5, kl, k2 such that  H~(x) c Kk~ (x, 0), 

Kk2(x,O) C Ha/2(x) for every x E M and U(r <_ 0 for every t E R 

and y E Kki(z,t), i = 1,2. 

A compactness argument on closHa(z) allows us to find T > 0 so 

that  r E Ha/z(qat(z)) for t > T and y E closHa(z). 

Let h > 0 be such that  if dist(x, y) < h, the Poincar~ map 

Py: HU2(x) -+ Ha(y) 

is defined. Therefore, if we choose t > T so that  dist(r z) < h, a 

suitable return map 

P:  clos H~(z) -+ clos Ha(z) 

is defined and then r would have a periodic orbit, which contradicts 

co(y) = M, Vy ~ M. [ ]  

IV. Local product structure 
Let us choose numbers 0 < 61 < 62 < ct and/c  > 0 such that  Ha~ (x) C 

{y [ g(x,  y) < k} C Ha2 (x) and prove as in [7]. 

L e m m a  5. Let A be an open set of Ha 2 (x), x E A C Hal (x). Then there 

exists a compact connected set C, x E C c A, C D OA r 0 such that 

for every y E C there exists a continuous increasing surjective function 

~-z,v:R + --+ IR +, with rx,y(O) = 0 and r E Ha2(r for 

t > o .  

Proof .  Suppose this is not true. Then there exists T O > 0 such that  for 

every compact ,  connected set D C A joining x to OA, there exists z E D, 
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0 < t < TO, so that  r ~ Hez(r for an appropriate  T. For 

otherwise we could find numbers T~ -~ oc and compact  connected sets 

D~ c A, joining x to OA, such that  for every y E Dn and appropriate  

T, r E H62(r for 0 < t < Tn. But  then the set 

CO CO 

DCO -- N c o (N " J )  
n n = j  

will satisfy the thesis of the lemma; a contradiction. 

For arbitrarily large T, the boundary  of the connected component  of 

Kk(x, T) that  contains CT(X) must have points y such that  U(r y) < 

0 because if this were not true, taking limits as t --~ oc we would get 

tha t  any y E w(x) would be a stable point of C-t; which is absurd by 

]emma 4. 

Choose T > TO. Take an arc a: [0, 1] --~ Kk(x,T), a(0) = r 

a(1) E OKk(x,T) and (/(r < 0. Let so be the supremum 

of those s E [0, 1] such that  r162 a(s),t)) e t ( k ( r  ) for 

- T  __ t _< 0 and r162 E A. Then s o < 1, and 

since ~? > 0 we have that  r ~-(r a(so), t)) C Kk(r t) for 

- T  < t < 0. Thus r ~-(r a(so),-T)) C OA and the set 

D = {r162  I 0 < S < sO} 

has the property that  if y E D, then r E He2(r for 

0 < t < T; a contradiction. [] 

Remark.  Recall tha t  lemma 3 permit  t o  find a number  c~ > 0 such that  U 

and its derivatives are defined on N(c~). Observe also that  the function 

9, defined at the beginning of section II, is defined on B(c~) x [-/3,/3] 

and consequently if y c Ha(x), the Poincar~ map  

is well defined. 

D e f i n i t i o n .  Let  ~ < c~. 

Px: Ha(y) ---+ Hao(x ) 

Define S~(x) as Ss(x) = {y C H~(x)l there 

exists a continuous increasing and surjective function 7x,y:R + -~ ~+, 
Tx,y(O) = 0, with the proper ty  r  C H~(r for t > 0}. 

U5(x) is defined analogously for t < 0. 
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For y E Ha(x) and 5 < a we define the ~-stable set of y in Ha(x) as 

S (y) = P (Se(y)) 

and the ~-unstable set of y in H~(x) as 

u { ( y )  = 

L e m m a 6 .  Given O < ~ < ~, there is cr o > 0 such that if O < ~ < crO, 

then 

(1) Py(x) E Ss(y) if y E Sa(x) 

(2) y E S~(z) if z E SZ~(y) 

(3) q E S~(p) if p, q E S~(y) 

(4) i fy  E Ha(x) there exists a compact connected set contained in S~(y)M 

Hs(x), joining y to OHm(x). 

(5) S~(y) does not separate Ha(x).  

Proof .  (1) For t > 0, define 

 y,x(t) = x, 0) + + r  0) 

which is continuous, surjective, increasing and Ty,x(0) = 0. Set z = Py(x), 

if cr is small enough we obtain z E H~(y) and hence r E 

H~(r for t _> 0. 

(2) Set ~ = Py(z) and take cr small such that  r E 

He(r holds for an appropriate  T. On account of (1) P~(y) E S~(~), 

thus Pz(y) E Se(z) which yields y E S~(z). 

(3) Can be proved using the techniques of (1) and (2). 

(4) Choose cr such that ,  if y E Ho(x), the Poincar5 map P:  H~(x) --+ 

Hel(y ) is defined; where 51 is an in lemma 5. Thus, there exists a 

compact  connected set D C Se(y) A P(H~(x))  joining y to OP(Ha(x)); 

thus P - I ( D )  is the desired set. 

(5) Assume that  the claim is not true. Then, for arbitrarily small values 

of or, S~(x) separates Ha(x). In part icular choose 0 < a < ~ as in (3). 

Let e > 0 be such that  ft(Y) = r  E H2~(r for 

y E H~(x) and 0 < t _< c. Clearly, ft  is an homeomorphism onto its 

image. Let B be an open set contained in a connected component  C of 

H~(x) - S~(x), which does not meet OHm(x). 
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Then, f t (B)  C f t (C)  and f t (C)  is a connected component  of 

f t (H~(z))  - f t(S,,(x)),  which does not meet Oft(Ha(x)).  

Clearly, f t (S, ,(z))  C So(%t(x)). Let z E f t (B) .  Any arc at joining 

Or(z) to z and to Oft(Ha(z)) ,  must meet a point p E S~(%(z, t)) after z 

and before Oft(H~(x)).  Therefore 

dist(~bt(x), z) <_ dist(~t(x),p) <_ or. 

Decomposing the orbit of x in segments of length c and reasoning 

inductively, we have B C S~(x). 

Let z0 E B. By (3), B C S~(zo), which implies tha t  z0 is a stable 

point of ~b; a contradiction according to lemma 4. [] 

Definition. We say that  y E M has local product  s t ructure if there 

exists a homeomorphism of R 2 onto an open neighborhood of y in Ha  (y) 

tha t  maps horizontal (vertical) lines onto open subsets  of local stable 

(unstable) sets in Ha(y). 

Lemma 6 shows that  Lewowicz's theory applies (see [7]) to stable 

and unstable sets as defined before lemma 6. On account of this we 

have 

L e m m a  7. Except for  a finite number of periodic orbits, whose points 

we call singular, every point of M has local product structure. I f  x is 

a singular point, the stable set of x is the union of r arcs, r >_ 3, that 

meet only at x. 

Let M* be M without  the singular points. For x E M*, let h~: R 2 --~ 

Ha(x) be such that  hx is some homeomorphism onto its image that  gives 

a local product  structure.  Define 

F (u, v, t) = r  v), hx(U, v), t) ) 

for t in ~ ' ne ighborhood  Vx of 0 in such a way that  {Fx}xcM* gives 

an atlas of M* that  defines a stable foliation W ~ whose plaques are 

F~ = {F(u,  c,t), u E R , t  E V~} and an unstable  foliation W u defined 
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analogously. Let WS(x) be the leaf of W s that  contains x. 

V. Holonomy 
In this section we use some concepts of foliations which can be found in 

[2], 
For cr < a define 

s(p, = U 
tER+ 

S(p, a, to) = U S~(r 
0<t<t 0 

Remark.  Let q E W~(p). Given e > 0, there exists T > 0 such that  

CT(q) E S(p, e). 
To see this, take plaques {Ui}, 1 < i < n, of WS(p), and points p~ so 

that  q E U l ,  p E U n a n d p i E U i N U i + l ,  l < i < n - 1 .  T a k e c r < c / n .  

As U is negative on C + (a set analogous to the set C -  defined in 

section II) and C + is compact,  there exists T > 0 such that  if (p, x) E C + 

then r ~-(p, x, t)) E S(p, or) for t > T. Define TO as 

T O = sup{7-(p, x, T) I (p,x) C C +} 

Then we have Ct(q) E S(pl,cr ) and Ct(Pl) E S(p2,cr) for t > TO. Next 

choose T1 > 0 such that  Ct(q) C 5'002, 2(7) for t > 571. In the same way 

we find T > 0 for which CT(q) E S(p, n~). 

Lelnma 8. Let ~ be a closed curve in W~(p). Then ~ cannot have one- 

sided holonomy. (See [2], VII for the definition of one sided holonomy.) 

Proof .  As in lemma 6 take 0 < e < /3  and 0 < a < 5 < c~, such that  

�9 if S~(x) N S~(y) r 0, then there exists ltl < e such that  ~) E Ss(x) 

with ~ = Ct(Y). 

�9 the connected component,  E~(x), of S6(x) N H~(x) tha t  contains x 

is the union of arcs joining x to OHm(x). 
If the theorem is not true we can distinguish two cases: 

(1) There exists a singular point 10 such that  Se(p) N W~(p) r r 
(2) There does not exist such a singular point. 
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Suppose first tha t  (2) holds and let ~ be defined by the function 

~: [0, 1] --+ WS(p), ~(0) = ~(1) = p. 

Assume also tha t  p is not periodic (otherwise the proof is easier). 

On account of the compactness of ~([0, 1]) and the last remark, there 

exists m I > 0 so tha t  r ml )  C S(p, or). Denote ct 1 = ~b(~, ml )  and let 

to be such tha t  a l  C S(p, ~, to). 
Let T: S(p, or, tO) --+ R be a continuous function for which P(x) E 

H~(r to)), where P(x) = r T(x)). Since P(p) = r t0) and c~ 1 C 

WS(p), P(c~l) is contained in the image of an arc a: [-1, 1] -+ WS(p) with 

a(0) = r  to). 

Set m 2 : s u p { T ( x )  I x E C~l} and a2 : r  Then c~ 2 C A 

where A is given by 

A = {r a(s),t)) I t c [0, m2] and s E [-1, 1]} 

Since ~ has one-sided holonomy, it is not nullhomotopic. Then a2 

is not nullhomotopic, which implies the existence of numbers 0 _< tl  _< 

t2 _< rn2 such that  

tl)) n t2)) r 

because if this were not the case A would be simply connected. 

According to this there exists ~ = r  + t2), It] < r so that  

E $6(r tl)).  Translating ~ and r t l )  by the flow, we obtain 

points p~ in the orbit of a(0) and numbers tn > c, ~n --+ 0 such that  

r t~) ~ S~n(pn ). 

Now assume tha t  there exists T such that  tn <_ T. As in lemma 4, 

choose T1 > 0 such that  r T(Z, 9, t)) E H~/2(r for y E E~(z) and 

t >  

Take n so tha t  nz > T1, and no large such that  the distance between 

whichever two of the first n returnings of the orbit of P'~0 to E~(p~o) is 

smaller than  h, where h is chosen as in lemma 4, i.e. if dist(x, y) < h, 

then the Poincar6 map Py: H~/2(x) --+ H~(y) is defined. 

Since E~(p~o) does not contain singular points, E~(Pno) is an arc 

tha t  contains a periodic point p of period w. 

If t~ were not bounded, a similar argument  would work for tn > T1. 
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We remark tha t  the orbit of ~5 at t racts  every point of W e(p). 

Take an arc b which is the union of two stable arcs joining $ to 

OH~(~9), b: [-1, 1] -+ WS(p), b(0) = ~5, b([-1, 1]) C closH~(p) and a curve 

homotopic to ~ contained in the set 

{r ~(~, b(s), t)) [ t E [0, w] and s ~ [-1, 1]} 

which can be contracted to the orbit of/5. Then, ~ is homotopic to a 

multiple of tha t  orbit. 

Now assume that  (1) holds. Let p be a singular point of period v. 

Let 0 < ~ < 5 be, as in the previous case, such tha t  E~(p) is the union 

of r arcs bk, 1 < k _< r, bk: [0, 1] --+ H~(p), bk(0) = ~ in such a way that  

the first re turn map PI: E~(10) --+ S6(p) is well defined. 

Let nk be the less integer such tha t  P1 k (bk) N bk ~ {P}. 

Now we can find, as above, a number  k and a curve homotopic to 

contained in the set B defined as 

B = I t [0,nkv] and s C [0,1]) 

Observe that  /3 is a cylinder. Thus there is an integer j such that  

for every s0 > 0, ~ is homotopic to/3 C B, where/3 is defined as follows: 

Let U: [O, jnkv] ---+ B be defined by ~(~) = r 7(~, ~(0), t)) where 

~(0) E bk n H~ 0(p). Let 7 be an arc contained in bk joining ~7(jnkv) to 

~/(0). Finally set/3 = ~/* 7. 

Since ~ has one-sided holonomy,/3 also has. 

Take arcs I,  I C U~(~(0)) and J, J C Us(~7(jnkv)) so tha t  the holon- 

omy map of 7, g: J -+ I and the Poincar@ map of r Q: I --+ J ,  are 

defined. 

Then 9 o Q is the holonomy map of/3. Let I1 be the  component  of 

I -- {r/(0)} such that g o QI[1 = id. 

As the number of leaves of W e tha t  satisfy (1) is finite, the set of 

plaques of those leaves tha t  meet [ and J is countable. Therefore we 

can find, arbitrarily close to U(0), a point x0 C M* n I1- 

Now consider the curve ~ = ~ �9 ~ where ~ is an arc of C-trajectory 

joining x0 to 9-1(x0) , and 5 is a stable arc joining g- l (x0)  to x0. (Ob- 

serve tha t  the holonomy of ~ is trivial in a transversal tha t  contains 
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xo.) 
If we choose co small, the arguments of the previous case prove that  

is homotopic to a multiple of a periodic orbit in M*. 

In whichever of the  considered cases we find a periodic point, ib, such 

that the holonomy of a multiple of the orbit of ]5 is trivial in an unstable 

arc, which is absurd. U 

L e m m a  9. There does not exist a closed nullhomotopic transversal to 
W s . 

Proof .  Assume, on the contrary, that 7 is nullhomotopic and transversal 

to I/V s. Then there exists a continuous map A: D 2 --+ M so that AIOD2 = 

7. 
A can be put in general position with respect to W s by arguments 

in [2] (VII) and in general position with respect to the singular orbits. 

Then A*(W s) is a foliation with singularities Xl,... , an, YI,... , Ym 

such that the points A(zi) belong to the singular orbits, the points Yi are 

orientable saddles or centres, and there is no saddle connection between 

distinct saddles. 

A can be chosen such that there is no connection between a saddle 

and a point xi. 

We can also modify A so that there is no connection between two 

of the points xi, because if xk and at were connected, A(xk) and A(xl) 

would belong to the same singular orbit, by arguments of the previous 

section. Then we can modify A to eliminate xk and :el. 

Let C stand for the set of cycles of A*(W s) (see [2], VII, 2.1). 

Let Ka be the connected component in C of a centre or. Arguments 

of ([2], VII) show that 0Ka is a cycle. If OK~ is a circle leaf it is easy 

to check that it has one sided holonomy. 

Then assume that for every centre (7, OK~r contains a saddle. We 

claim that there exists a centre (7 0 so that the saddle in 0Ka 0 is com- 

pletely self-connected, because if this is not the case we get a contradic- 

tion according to the Poincar6-Hopf index formula for A*(WS). 

Now it is possible to order by inclusion the so obtained saddle self- 

connections. Since there is only a finite number of them we can find 
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one, say /3, which is one sided. Thus /3  induces one-sided holonomy in 

WS; a contradiction according to lemma 8. [] 

VI. Exponential growth 
(In this s e c t i o n r  is as in lemma 7). Let 0 < cr < 5 be such that  the 

connected component  of U~(x) N Ha(x) that  contains x is the union of 

arcs, U~(x), 1 > i < r, joining x to OHa(x). 

Let Di(x), 1 < i < r, be discs, with diam(Di(x)) <_ ~, contained in 

plaques of W s such that  Di(x) N U~(x) ~ 25 and the endpoints of U~(x) 

do not belong to Di(x). 
For y close to x and 1 _< i _< 2, there exist 1 <_ qi _< r such that  

Uj(y) ~ Dq~(X) ~ Z and the endpoints of U~(y) do not belong to Dq~(X). 

Now, since M is compact ,  there exist 5 > 0 and points xi, 1 < i < K,  

so that  if y E B~(xj) and 1 _< i < 2, there exist 1 _< qi < r so that  

Ui(y)NDqi (xj) ~ ;g and the endpoints of Uj(y) do not belong to Dq~ (xj). 

Choose 0 < p < or/2 such that  if dist(x, y) _< p, then 

dist(r 7(x, y, 0)), z) ~ ~/2. 

Take t* > 0 so that  for every p ~ M and x, y E Us(p) with dist(x, y) ~ p 

we have 

dist(r 7(x, y, t)), r t)) ~ cr 

for some t, 0 < t < t*. 

Define T as 

T = sup{T(x, y, t) I x, y E U5(p), dist(x, y) _~ p~ 

dist(r162 < ~ and 0 < t < t*}. 

Let us define the e-length of a curve. Assume that  r is a small 

positive number  and ~/: [a, b] --* M is a continuous curve. The e-length 

of 7, which is denoted by Le('y), is the maximum number n of points 

a < t 1 < t2 < .. .  < tn <_ b such that  dist(7(ti), 7(t i+l))  = c. 

For q E M take the curve ~q: [0, T] --+ M given by ~q(t) = r t). 

Define A as 

A = sup{La(~q) I q M} 
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Let z 0 E M* be a point  such tha t  Us(zo) contains no periodic points  of 

r 
Now define a family of curves a .  in the following way: a 1 is an 

a rc ,  Ctl: [0, 1] --+ Ue(mO), Ctl([0 , 1]) C closH~(x0), t t l ( 0  ) = X0, Ctl([0 , 1]) A 

OH~ (zo) r ~. 
Assume tha t  c~ is defined as 

i 1,2 2 2,3 2 n 
OL n = O~ n �9 0 ~  �9 0 ~  $ O~ n $ - "  �9 $ OZ n 

k. [0, 1] U~(a[(0)) is an arc such tha t  where ct~. --+ 

ct~([0, 1]) C closHG(c~n(0)) and c~kn([0, 1])7)OHa(o~kn(O)) r 2~ 

and ~k'k+l is an arc of C-trajectory, joining a~(1) to akn+l(0) with or- 

length < An. 

Next we define c~+1. Because of the way t* was chosen, there exist 

numbers  0 < tk _< t*, 0 _< tk _< t* and 0 < sk _< 1 such tha t  

2k "8" def g~+~ ) : r  r(~(sk), ~(~) ,  tk)) ~ dos H~(r tk)) 

for s E [sk, 1] and 

2k-  1 , s ,  clef gn+l [ ) = qS(Ctkn(8) ' T (O~(0) ,  Ct~(8), ~/~)) E C]OS H~(r  tk)) 

for s E [0, s~]. Then  we have tha t  

2k gn+l ([sk, i]) ~ OH~(r t~)) ~ 

Define 

2k 

and 
2k-1  8 gn+l ([0, k]) N OH~(O(a[(O), tk)) # 

2k : g.+l(~ + (I - ~)~) ~d ~]k+-z(~) : g~+12~-i (~k) 

2k - l , 2k  Finally, define a +  1 as the arc of r t ra jec tory  joining 2k-1 a~+ 1 (1) to 
2k 

% + 1 ( 0 )  �9 

_ k , ~ + l  i s  < A(n + 1). R e m a r k .  The ~-length of c~+ 1 _ 

Then according to the last paragraph, given n, there exist j and m 

such that for at least 2n/Kr distinct values ofi, we have a~NDm(zj) ~ Z 
i do not belong to D~(zj). and the endpoints of ~n 
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Let N be the max imum integer of 2n/Kr and let 0 < t l  < t2 < �9 �9 �9 < 

tN < 1 be numbers so tha t  c~n(ti) E Dm(zj). 

For 1 _< p _< N, define rl;(S) = an(s) for s E It1, tp]. 

Let 3p be an arc joining c~(tp) to a~(t l ) ,  whose image is contained 

in Dra(zj) and set 7p = rip * ~p 

Lelnma 10. 7p ~ 7q if and only if p = q 

Proof .  Assume tha t  7p ~ 7q with p > q. Then ~ q l ,  r /q1,  rlv * @ ~ 0. 

Observe that  % 1 ,  rip is homotopic (with endpoints fixed) to the curve 

rl defined by 

= O~n ][tq,tp]" 

Let us show the existence of a curve ~ transversal to W ~ and homo- 

topic (with endpoints fixed) to ~/. Choose numbers tq = al < bl < a2 < 

. . .  at < bl = t ;  such tha t  ~][~,b~] is transversal to W ~ and ~l[bi,~+l ] is an 

arc of C-trajectory. 

A lemma of trivialization (see [2]) shows that  there exist neighbor- 

hoods Vi of 7([bi, ai+l]) in which the foliation W s is trivial. Now it is easy 

to modify ~ inside Vi to obtain ~. Our assumption implies/~q-1 ,~,/~p ~ 0, 

which is homotopic to a closed transversal to W s. But this cannot be 

true, according to lemma 9. [] 

L e m m a  11. 7p is homotopic to a curve ~p of ~-length <_ 3 + 2An for 

l < p < _ N .  

Proof .  c~n was constructed so tha t  there exists a continuous function 

T: [0, I]-+ IR such that  7-(s) _< nT and 

r 6 H~(xo) 

for s E [0, 1]. Define B: [0, 1] x [0, 1] --+ M by 

B(s ,  t) = r  -t~-(s)) 

Let Ap be a curve homotopic (with endpoints fixed) to B(., 1) with 

length _< 2or and set 

G~(t) = B ( t l ( 1  - s) + s 6 ,  t) 

~p = Go * Ap �9 G~ 1 ~ %.  
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Then ~/p = ~p �9 satisfies the lemma. [] 

CoroNary, P(3a + 2Aan) >_ N, where P is the growth function defined in 

the Introductwn. Observe that this inequality gives the desired theorem. 

Note.  After this work was completed I was informed tha t  Inaba and 

Matsumoto  ([4]) obtained another  non existence theorem for expansive 

flows on certain 3-manifold. 
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